We propose a linear-optical scheme for a controlled-phase gate with tunable phase shift set by a program qubit. Analysis of the scheme is provided with considerations for experimental feasibility. We also discuss options for increasing the success probability up to 1/12 which is close the the optimal success probability of a non-programmable tunable controlled-phase gate.
Introduction
Quantum computing is a promising approach allowing, in principle, considerable increase in computing efficiency [1, 2] . It has been demonstrated that any quantum circuit can be decomposed to a set of standard single and two-qubit gates [3] . While the single-qubit gates represent just single qubit rotations, the two-qubit gates are the core of the quantum circuits, allowing the quantum information get processed by the interaction between the qubits. A prominent example of such a twoqubit gate is the controlled-phase gate (or its close relative the controlled-NOT gate) [4] .
The controlled-phase gate performs the following transformation on the signal and control qubit states:
where 0 and 1 in the brackets stand for logical states of the signal and control qubits respectively. The parameter ϕ then denotes the introduced phase shift. There have been a number of experimental implementations of the controlled-phase gate achieved on various physical platforms including nuclear magnetic resonance [5] Email address: k.lemr@upol.cz (Karel Lemr) Figure 1 : Conceptual scheme of a programmable c-phase gate. "T", "C" and "P" denote target, control and program ports respectively. The phase shift ϕ encoded into the state of the program qubit translates into the phase shift introduced by the gate according to the Eq. (1).
and trapped ions [6] . On the platform of linear optics, this gate can be achieved probabilistically. Several proposals and experimental implementations of the linearoptical c-phase gate have been published (see also review paper [7] ). All of these research papers only considered a c-phase gate with fixed phase shift ϕ = π also known as the controlled-sign gate. The controlled-phase gate set to another phase shift then π has been presented for the first time in a seminal paper by Lanyon et al. in 2009 [8] . In order to achieve divers phase shifts, the authors increased the Hilbert space by introducing axillary modes. Their implementation however does not have optimal success probability. In 2010, Konrad Kieling and his colleagues proposed a scheme for optimal linear-optical c-phase gate with tunable phase shift [9] . In 2011, this scheme has been experimentally tested in our laboratory [10] . Both our [10] and the Lanyon et al. [8] scheme have phaseshift hard-coded by the specific setting of various optical elements. This fact limits the gates in their versatility and use in multi-purpose quantum circuits.
In order to make quantum circuits more versatile, several researchers have proposed the so-called programmable gates [11] . These gates implement a specified transformation characterized by a parameter that depends on the state of a program qubit. A proof-of principle experiment illustrating this concept was the construction of a programmable phase gate [12] . This gate introduces a programmable phase shift (unconditionally, without any control qubit) determined by the state of the program qubit. The success probability of this scheme has been recently improved by means of a feed-forward [13] .
In this paper, we propose a linear-optical scheme of a tunable c-phase gate with programmable phase shift. We take this important two-qubit gate and enrich it with the programmable phase shift making it particularly useful in versatile multi-purpose quantum circuits. Conceptual scheme of the proposed gate is shown in Fig. 1 . Since its conception in 2010, the tunable c-phase gate has been found useful in many protocols [14] . We therefore believe that with the added programmable phase shift, this gate can be even more versatile and useful. We adopt the following notation through the paper: |ψ T , |ψ C and |ψ P denote the target, control and program qubits respectively. The program qubit takes the form of
where ϕ is the phase shift to be introduced by the gate if both the target and control qubits are in the logical state |1 . The program qubit is destroyed by detection in the gate while the target and control qubits leave the gate and can be used for further processing.
Basic scheme
Throughout this paper we consider encoding logical states |0 and |1 into horizontal (H) and vertical (V) polarization states respectively. The scheme for a linearoptical c-phase gate with programmable qubit is depicted in Fig. 2 . Similarly to the Lanyon et al. gate [8] , we also introduce an auxiliary mode. In our case however, we use this mode for the interaction between the target and program qubits. In this section, we derive the principle of operation by showing what transformation of the gate implements for all four basis states as defined in (1) and a phase shift ϕ encoded in the state of the program qubit (2) . In the proposed scheme we encode qubits into polarization states of individual photons assuming that the logical states |0 and |1 are encoded as horizontal and vertical polarizations respectively. The gate is necessarily probabilistic and its successful operation is heralded by observing a photon at each of the target and control output port and also by detecting a photon by the detector D. Let us start with the evaluation of the state |00ψ P (we maintain the order of qubits: target, control and program). The target photon impinges on the polarizing beam splitter PBS 1 that sends it to the upper path. There the target photon is subjected to a neutral density filter F 1 with amplitude transmissivity t F1 = 1 2 and subsequently continues to the target output port by passing through the second polarizing beam splitter PBS 2 . So far, one can write down the transformation of the state as
Meanwhile the control qubit is transmitted by the partially polarizing beam splitter PPBS (with transmis-sivity t H = 1 for horizontal polarization and
for vertical polarization) and after being subjected to polarization filtering by the filter F 2 (filtering horizontal polarization with transmissvity t F2H = 1 √ 3
and letting the vertical polarization unfiltered t F2V = 1) it leaves the setup by the control output port. At this point the transformation by the gate reads
Finally the program qubit impinges on the polarizing beam splitter PBS 3 , where it gets both transmitted and reflected with equal probabilities 1/ √ 2. Since the gate succeeds only if the program qubit is detected, only the transmitted part of the program qubit has to be taken into account. Considering the program qubit is in the state (2), the overall state gets transformed into
Once the program qubits leaves PBS 3 , we project it onto diagonal polarization |D = 1 √ 2 (|0 + |1 ) resulting in the final form of the transformation
In the same way, we now evaluate the transformation of the basis state |01ψ P . The only difference this time is the control qubit. It impinges on the PPBS being in the vertical polarization state |1 and is therefore transmitted with amplitude 1 √ 3 and reflected with amplitude 2 3 . In order for the control qubit to reach the control output port -so that the gate can succeed -only the transmission by the PPBS in considered. Having the same transformation for the target and program qubits as previously, one can identify the overall action of the gate being
A slightly different situation happens for the basis state |10ψ P . The target qubit in reflected by PBS 1 entering the lower path, where it is subjected to a halfwave plate HWP 1 oriented by 80.3 deg with respect to horizontal polarization direction. This wave plate implements the target qubit transformation
and thus causes the overall state to get transformed into
At this point the photons interacts on the PPBS. Since the control qubit is always transmitted through the PPBS (having horizontal polarization), we only take into account the transmission of the target qubit resulting in successful outcome
where we have already incorporated the action of the polarization sensitive filter F 2 . Now the target state enters a Hadamard transform implemented by a half-wave plate HWP 2 rotated by 22.5 degrees with respect to horizontal polarization
yielding the overall state in the form of
Identically to the cases derived above, the gate can only succeed if the program qubit passes through the PBS 3 and then gets projected onto diagonal polarization. Thus we obtain the transformation in the form of
Finally, the target qubit is again subjected to a Hadamard transform (HWP 3 ) resulting in
Only the target photon reflected by the PBS 2 leaves the gate by designated output port and thus we obtain the final form of the transformation
To complete our analysis, we now evaluate the transformation of the last basis state |11ψ P . From the above analysis it follows that the target photon gets reflected on PBS 1 and transformed by the half-wave plate HWP 1 so that the overall state reads
Now the two-photon interference on the PPBS takes place resulting in
Note that when both the target and control qubit enter the PPBS in vertical polarization state, the interference of both the photons being transmitted and both the photons being reflected (Hong-Ou-Mandel interference) takes place and contributes to successful outcomes of the gate. By means of the subsequent Hadamard transform in the target qubit mode (HWP 2 ), the state transforms into
On the PBS 3 , the target qubit gets reflected and so must the program qubit in order to achieve a successful operation. This means that the vertical part of the program qubit state contributes yielding the overall state in the form of |11ψ P → −e iϕ 1 2
which after projecting the program qubit onto diagonal polarization reads
Action of the Hadamard gate in the target (HWP 3 ) mode and reflection of the target qubit by the PBS 2 to its output port results in the final transformation
We have demonstrated that the setup depicted in Fig. 2 implements the tunable c-phase gate with the phase shift being programmed by the program qubit. This has been shown on all four basis states of the control and target qubits together with an arbitrary program state. Since all transformations are linear, the entire operation holds also for any superposition of the above mentioned four basis states. The success probability of the gate is 1 48 and is state independent (in order not to deform superpositions of basis states). In the next section, we will consider potential improvements to the setup in order to increase the success probability. Also note that the scheme relays on single-photon presence at the target and control output port and the program qubit detection by the detector. It does not require photon-number resolving detectors nor vacuum detection. This property makes the scheme readily implementable with current level of experimental know-how in linear-optical quantum information processing.
Increasing the success probability
So far we have discussed the basic scheme for the programmable c-phase gate which is experimentally also the most easily implementable. Its success probability is however more then four times lower then the optimal success probability of the c-phase gate without programming. In this section we will discuss two options allowing for considerable improvement in success probability (see optimized scheme in Fig. 3) .
Firstly, one can increase the success probability of the interaction of the target qubit with the program qubit. As derived in the previous section, the gate succeeds if the program qubit is projected onto diagonal polarization and detected by D. This way, we neglect half of the cases corresponding to the program qubit being projected onto anti-diagonal polarization
As experimentally demonstrated on a simpler unconditional programmable gate, one can increase the success probability by a factor of two if the anti-diagonal projections of the program qubit are included. In such cases a feed-forward transformation |1 → −|1 has to by applied to the target qubit immediately as it exits the PBS 3 [15] . Such transformation can be achieved using for instance a phase modulator (PLM) [13] .
The second option of how to increase the overall success probability by a factor of two is to use both the output ports of the PBS 2 (T OUT1 and T OUT2 ). In this case, the amplitude transmissivity of the filter F 1 shall be reduced to t F1 = 1 √ 2 and a half-wave plate HWP 4 inserted behind it. This newly added wave-plate implements the Hadamard transform (3) keeping the target state at T OUT1 unchanged, but allowing for the target qubit to leave also by the output port T OUT2 . The target qubit exiting the PBS 2 by the second output is however polarization-swapped with respect to the target qubit in the first output. A half-wave plate HWP 5 is therefore inserted to the output port T OUT2 to perform the swap operation (|0 → |1 , |1 → |0 ). The second output port can be used only if one does not require the target qubit to leave by a specified output. Such situation occurs if the target qubit is immediately measured after being processed by the gate. The measurement apparatus can then be installed in both output ports.
If only one of the mentioned optimization strategies is used, the success probability of the gate increases to 1/24 and if both of them are used it reaches the value of 1/12 (for all phases ϕ). Note that optimal nonprogrammable c-phase gate has the minimum success probability being about 1/11 for ϕ close to 2π 3 [10] . If completely optimized, the programmable gate thus performs with almost the same probability as the optimal non-programmable gate at its probability minimum.
Conclusions
In this paper, we provide a linear-optical scheme for a programmable c-phase gate. The phase shift introduced by this gate is set by the state of a program qubit which makes the gate more versatile than previously implemented tunable c-phase gates with phase shift fixed by the setup setting. The setup is designed with experimental accessibility in mind. We do not require photon-number resolving detectors not any post-selection on vacuum detection. Thus the setup is fairly implementable with current level of experimental linear-optical quantum information processing.
We have also presented two optimization options allowing for the success probability to reach the value of 1/12 which is close to the success probability of a nonprogrammable tunable c-phase gate [10] . These two optimization steps can be used independently allowing to obtain success probability of 1/24 if only one of them is used.
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